Continuity

P«e.‘w\ves
Taverse :’»\ajc of a sef under ackorkaf a func#or\l
Cor\sidev f:X—=Y

Let ASY
{_'(AF{xe)(I ,f(z)cA}

Fibee
Fibre ;f""
Fj:(,cc)(.'_f(z):j? , 7€A 4\/'{71'¢

Note ! possible that no exists with {(z):,
Suppose 6#?5 There is atleast one zeX st f(z):y

£a)=U F,

y(A

Mk:
» f‘( A) does NOT mean an inverse of jC exists
> f-'(A) is dhe set of point< iq X which ave m‘)pec( info A.



Con{:pkui“y
Recall ole-f.'rl.'-}-'or(‘ o-f»f be?nj cks in R
§:R—R

Can‘liv\'ui'l-y ;'l. R
For ony 30,1 a §>0 st
lx-2,l<§ = |.)C(m)'f(zo)|<£

Roc:?k Zmlevpvch(:or(’ is that if you s1la7 close to a po:'nf 2,€R . theq we 6&7 close +o f(’fo) in R

| xoé doq,(:})
) +

We ane ootl\a to defime two qobiqs of Lol\{‘io\,u'&‘“
local cantinsty (do ok poink a€X)
O\oh\ Conkq,uﬂ‘u (6{0 at all Poin{sn)()



LOCAL CONTINUITY IN METRIC SPACES
D"f"[moq’ of local coq%hlu;{-.’

Definition Local Continuity
Let (X, dy) and (Y.dy) be mekric spaces
Then
f:X=Y is conbinuons ot 2,€X <> V20,3650 st
dy({(z),{(zo\) <5 whenever d(z.x,)¢¢

Many foces of Coﬂ‘::r“uf"V)

Following stetements are eguivalent
(1) ¢-§ defn, given, above
(i) -6 ball version, continaity
Given_£20,3650 5.t £(8(x,.6)) < B(§(x,).¢)

X & i 56 \

(iii) Opeq set defn, of con{b\uh‘? ot o point at %,

Let V be open in ¥ ond f(z,)€V.

Then 3 opeq ball 8SX st
)z 8 u)f(B)sv

v oM and £(z,)e V
B(£(x,) ¢
(i) Let V oper in ¥ and {(:o ¢ V. Then, 3 open sef US X 5.t
2, ¢W and f(un) SV

)(

(v) For ony sequences (x,\),\: with, % =%,

{(x,\) — 4 ('z,) as_p—=e



Proof
()= ()
let 36X and (:hb,t\ & sequeqee 1 X such that 2 9x 0 >
Assv\m‘mo (tv) & fove
Wonk fo show that  §(xa) 9 F(xs) as naoo
let V' be opey i Y ond CATA'S ﬁo W) 3 opey seb UCK  such thet n0€U gnd §(u)e
UE oper = T80 sk thok Blo€) €U (defu of open)
A Xn) Xo) We (0 —jém\ N0 ot dlxax) €6 Y o (Ae{v\, o& COV\VU\GMQ)

Thus -S—(iu)ezf'(\l) €V Y a2
AS \]\f& afb\'Hmu, _;,(x,\)_%.s.()\o) 0§ /\.}m

(x) 2 (i) we will show Hha. contraposife
() 2 )
() 3650 Y650 st A(5(0), £x))2 ¢ fon some x € X that satisfies
8 (1, %) <6 ()
Fon each neN , define the set
Anz{xdeX: di %) < & 2(*(1'),1‘(%»2 £}

By the above, this set is nov\—emﬁd. So choose an element fnom An and call this
chosen element

Then %y 2% as n—00 (as d(x,xo\('/f\) but ,d\(-f—(xn),{(xb)Z&)O

And so  fnlan) PG (Hhis eshabiches () N

Wseful pvopev&a of Pye?maﬂes

Let $:X->Y be an avbihavu funcioq, ond let ASY and BSY. Then
A< & A< £(8)



GLOBAL CONTINUITY IN METRIC SPACES

Global Con{‘u’nuﬂo
Thvoughout
ougho {_:,%(_”/
where (X,d) and (&) are mebric spoces
Definition, Global conl:ir\,uﬂ,'\;)

faﬁ z Y s g'obaﬂo continuous 34 ond on|U Wit s 106«“0 continuous ot evevy Point

De{fn?‘c‘n’w\'- T_opolg?isb view of Jloba Conl:i%ﬂ'o_
Let VEY be open. Then, Y opeq sebs VY,
fis \7'0[)«”\7 continuous = W) ex % open,

t\

£: XY 0w oPevl,é‘b _Q=¢ oY

x¢eh <

Topo[ogo of \6(\#/) U%Mﬂféj\\

(X,d) (v,d)
An, immediate equiva‘ence frowm, Hhis defn,

§ s Yxex & §'W) €T] wheneven veTy
= 4oy ony closed subset of Y, say FQY, d-"("') % closed

Application, of definition:
Constder $R>SR 0,9) & oPeed, £ j'obn"\t] conbinuous
K equipped with dy mebyic
Coqsiden oy Trel:1
I =§ (110) ¢R*: Hx,z)}’*ﬂ ( preimage defimstsm)



Consider  {L) ER
All singletons are dosed and £'GN= => ™ 15 dused by 3lobai (.Oﬂhnm'll:“’
Constant :func‘l'ior‘s afe_continuous
Constant functions ave continuous
Let £:X2Y: am K, K is fixed
Then, £ s
Yoot :
Y={k) and all sing\ehns are closed.
£7(IKY) = X and entive space is clopen, == X s closed
= {is continuous
Composition of continuons functions are conkinuous
Compo.sifiov\ of continuous funclions ave conkinuous
Suppose, :XY  and \71)’—92 be continuons. Then,
3«»{: X->7Z
is
Proof: Let VEZ be open.
Thea, J‘MS)’ s oper, = 'Y'(d"(\l)) (s oper, i X (by conbinaity)
As () (0) = §(g'(v)
It -fa“ws that 04 ts cts.

H
Noke A composition, can be continuous but its constituents may ot
s OE { 1 +20
-1 £<0
9k} =0 YR
f is ot continuous.
(96)= 0 VieR

1S confinuous



Praving open, et of global contiity
Gelobal Cov\’c’m,uifo
£:X2Y s H and onb?{
Y open sebs VY, 47(V)€X open,
Proof:
(W?no fibres)
Suppose that XY s 3loba\\a contiuous and congider on arbihavd open, et
veYy.
CASEL: V#Q then, £7(V)=6 and § & opeq
CASE 7: Suppose V40 and lef Je\l.
1) If vq’{(X), then, FJ=¢ and we ave dmng
)T+ Uéw‘(X), then, F\,#¢ = JxeX such that -F(m)=‘d
Since V is open, and £ is b5 => T open, ball B(x,£() € X and xeX such +hat

f(B) <\
Thevefore
£0= ) Fy = sl
eV -l
A ERRLAL

Gince union, of open, balls ave open, +70) s openy
(Msino epsilon - deltas)
Convme(d Suppuse hot £(V) <X s open, Y open, seks VY =2 ¥ {(ey, B(F),£) <V
Take an, xeX
Note  BE(),£) is opeq, in Y = +(BlR), £) s open, §n, X
since e 47(866,6)), 36(6)>0 such +hat  B(x,8) < +7(84),€)  (dedn, of open)
= £ is continuons ot x
Jince X wos avb’:%mnj, £ i j(obal(J continuous



Global Con‘:?nuiio MMJ Closed gets
XY s "+ and onln if
V closed sets FEX F7(F) <X is closed in X

Proof:
Suppose F €Y is closed = Fo s open,
= +7(F) is open, conl:i:\,u}lj
= +(F) is closed bok af set +keov\7 eference
Juppse. V is opeq, = \* closed
= £ chsed
= £1(v) open,

=  conkinuous
|

Recall fvom the sechion, on COr\\lehoev\cc, f we have K sequences of heal
,(\f)-éot;, as 00 . Then

¥ € R" (en‘u;yd with doy)
wheae ,S_f-_-\-'-‘(lf\f), 1%), i«(sz /xn“)) then,

z,\—a l = (11, ..'xl\)

numbers , () st x



Note: £ s J"’"“‘b conbinuons & £ & ks at alf xeX
& all xeX, H x,9% as pa00, then,
flxa) 2 &) a5 n>00

Let 4,4, ) 41 be conbingons funchions from, (%,d) 4o (R d)

FX-R - op (£100, £ @), - ) £, () &5 conbinuous
Proof: Suppose o is & Sequence i X and
A2 A NOX
As 4 is ontinuons, 1&(%)"91&‘(3(} (\se1uenlia{ charackesization of wnl:inuil7)
= Flw) = FE) whee F)=(£), ..., $4@)

(component wise (onvegence = bl omiergenct i, deo)
|



BOUNDED FUNCTIONS AND UNIFORM CONVERGENCE
Discauss - Considen
C(X )’) % FXY  Fis dbs)

TAU +o ocr\ma.\csc_ C(Lo 1] [R> W\A Aj_, A &/ Posso
no% poss: bl ! m&eo'm{w\ mad nof exusl‘} defined

°ffe \\)

Take ¢([0,1]) and

p
d (‘hﬂ) .Supﬂf(x) 0(1“ .xé[o,l]}

he‘)lace with d (j- (1.)-, O(’L)

47

1

\/
/‘

d s a metvic on Y

Atte w\?{ (X Y)

R
(Xo\j) (13)

A3,y = \Sup‘\’o\(a‘(x),@(i)) txe)]

onbltu,-' dm(’-h()) ¢ [0) 00) ( maq ) VMO no(') foace Bouno\go\)

Definition,: Bounded metric gpace
A mebric space (%,d) is bounded T and Ml:] i
3 MeR such +hat dlab) <M Ya,beX

Bounded funchions

Bounded: £:RSR i bounded & TIm>0 st K| <M Y xeR

i

has metnic ‘ancuwf/\c(a# on,



Definition: Bounded funckions
Let §:KY where X and Y ane metnic Spaces.
Then s bounded & 3 oper ball BEY sk $(0)€B Y xeX
& JzeY ad Me(0,00) st §K)<pla,m)

Let (&(X»‘/) be the set of all bounded AND contiquous Functions
Ay

Le.

G(x,Y) = k) 0 8(x,)

Wik in GY)y chs and bounded
X

Congiden o Space @(XD/) all bounded -j—w‘c{{oqs f:X7
The unsform (sup) mebric o B(XY) s

b = supg Als(e)y g0)
e a metsic on the Su‘)—S?llCC CQ()(,)/)

:xé)q



C(Xﬂ’) the st of all ok -fudt"':ov]s from, (X,4) to (‘/.2)
@("»Q}) T the set of oll bownded functins froy XY

Defir\JJrIOyL Oper, ball defy, of bounded
A -anAqu s bounded & 3 open, ball BEY cuch ﬂm{' -f(x)é[&

This means that 2¢Y and Re(o, oo) st f()() < B(z.R)
L’ as a Consequence, if

x,x' and (x) (x')
ch:F

€X
Hhen
2. £()) € 36 .2) + A(£(x).2) < 2R
Ne were able 4o generalise from d, from ¢(Log).R) — ¢(lo.]=R)

4.0f.9) = sap S ACH(), gGlll xex
¢6(x.Y)

Now Je{iqa

G()(.Y)= B(X.Y) N C()(, Y) o— COﬂ"’it\MOM and bounded fmnc-’-ionf

= (Q()(‘/) d,) s a mebvic space

Consider

(G(X, K).da) ; K:Ror €
dpo induces a Shonder nol’:’orll o{ con‘:irkm'rly and convegence.



Mn:fo'(nvt Con vel\rjence

Defir\il'ior\' lkniform Conijence
Let (.fm)::, be a Se1v\encc JL”"L (a(x. K), dw)
S0 fo =§ uniformly a5 nae0 & Ver0, IN0 st dolfo )< VaoN

Note : as d,, -fn f) - Suf)il-ﬁ\ (k)lxe)d

\_’—\,—_/

std mekric o, Kk
Ths % indepedant of xeX, ag [fa(x) -£()( <& YxeX

Uniform] Converyence = Pinfwsse Convcr?ence

Note : Poinduice # uniform, Bub #f £ pointuise and £ & either b bounded of chs
= fpf T un%(ofm{a

of Poin“uise 7—‘-? un?{om"

Take
G GlloaR)
where e |
)= | ] |
i {t" o<l i

Aw(&,o)—-iﬁo 1 1300 , £(t) 30 0 na fu a:\jée[o,ij

Reca“ (X,d) x,\ax as NI % (-—":—") A(xn,x)—)o as r\-)oo



De-f-'r\u"ka'\, (Ani{om'j converjen{'
A sequence a{ :func#mls (-f,\),:o [ 15 Mnifovm’j ConveUenf i{
4 (6 ) >0 o (XY

Pointuise > untform,
Let X=Y=R and 4 be defined bU

0 W «<0
a0 { nx 04X E!/n,
-t 2 W on <o é 2Yn,
0 4 x22/n
amd @) =0 VxR
Then, o>+ pointuise on, R
(o,lgk—‘o——— I x IS 6'05(’, +o O, 3 r\oéN .t Vm:\.

| lax-0l< 1 = 2¢x
| 7 =

| 50
|

| S

(I/;\)O) (21"1 O) (-‘10\

Howevey no such ny exisls such +hak
|4n () —1‘(x3|<_‘i Vnzn, YaeR.
T+ this was Hue then for  0%as fp
-h(atk% = npx¢lfhy

Ths must be Hwue for oy XeR bk i we have a(:_\l;_n
0

2 <1 = 2410
3n,  2n, 3 2

= (onfradickion,

£0=0 V¥ a2,



Definttion, Po’ml:uise Converaence
Let XY and XY be O.vev\,, N=1,2,, be given
We \Sa“ that  {£ Conveges pom’cmse h £ HF
im dy(fa®), ) =0  YxeX

n-> o0

for ony fixed oceX

The £-6 definition s
Hn},m"’% poinbwise. <> Hor a 3‘.’\!&\, £20, gien, xeX, AN=N(y£) such that
AR <5 Yo

N=N(x,£) depends on x and £.
Latorm, Convexgence

Definttion, Uniform convegence
Let F.\JM be o sequence of Mappmas from, (X, dy) 4o (¥, dy).
fa: (X,dp) = (% d,)
We Say that the Sequences 34aY ConveYges un‘i-@ovmla o X 4o a mappfna
£ A=Y
 Ye>0, ANEN() such +hak
dy(a (), $()) < ¢
for all naN and all xeX, ie.
lim, <6u|> dylba(s) #(x) )>

N-00\X €X

Alberattvely we say
f‘fr\}:"?w‘ unﬂovm\J W
dy(F0,9) 50 65 n500

'Fn {') < Jugj dy('h\ 1), £(x) |x€ X}




Let (X,d) and (Y, dy) be mebric spaces and let £:X-5Y
Then, the ‘Fo“ow?nq ave eq,u?\la‘mt’

(5) & continuons on, X

() £76) < 47(B) for all subseds Bof Y

Gi) HA) S HW for all subseks A of X

Proof:
()= (i)
Consider oy m’b'sl;'mn B<Y.
B 1s a dosed subset of Y = £1(B) <X 15 closed (defn of conkinuiiy)
Facther 8B (defn, of dosure)
= 1) <£7(8)

and theredore

() <476
closure s +he smallest \suq:erse{ that is closed
()= ()
Let AS X Then
oB=fA) = A<{(s) A £1#W)

= A<E®@) (closure pwropef’td ASB=> A<B)
= A< {1(B) ¢ $1(R) by (1)

= A< {7(5)

= B < 4E®)

= ()< B=FA (B=£(n) = B=T])

= {A) < {B)



(1) = (5)
Suppose that F<Y and F is closed Then,
+'(F) =
We need 4o show thal Fy @ closed, ie. F=F,
By (i),
() c+F) = 4R/ < W defn of Fi defined above
= 4(F) ¢ F F ol pvemaje o an mage

(F 13 wse

Thevefere '@ =18
Fef@r) = $4FE) e+ =F
since. A € £(£(n)



CONTRACTIONS AND CONTRACTION MAPPING THM
Mohvaﬁgﬂ: \Solvﬁno
£(x) =
6'\l\lu.o%oﬂs Yoot \C(NL'V a(oorfﬂm,
- dart whh @ Ouess
- consbucd o Sequene of betder (s

- note fhat Sectluef\oe Oonduoes.

Tu, the problew, jnbo a fixed foin{' Proble-\.
{(x)=ol & _f(x)-a(:O
= ,f(xhz.o(:x
& gl):x (dekine gle)= 4G)-a)

We need o further poo ?u&U of £ to define conbrackions
Let -f-'(X.d) — (Y, :l\) be a mebric space.
Definition Lipchita
£ 5 Lpdite funcdtm, & k[0, st dHG),#2)) ¢ kd(nix)
The constant K s called Lipchitz constont

Defindioq Contvaction,
A (shrict) com‘mc#ov\' 15 a Lircl\i‘lz fmnc-ﬁ'orl for which, k¢ [O.l)

(R4,) and £ R' =R
P A

a con'fvacl-ior\, proviJinj [Al<1,



Confvac-!'iorl maﬁ’irg 'Huq‘ (BCVnack fixed Poim(' -H\/[)

Lt (4,d) be a mebric cpace, and f:X9% be a
Then £ has a oy UéX
Take Yo€ X, the sequence (14):‘ where

Xn= $(xn-) 121

ko ¥ That

1,\—96 as N2 for o Ly

Proof: Take ang 2o EX, and define sequence
1o flta)  Yazd
As £ % a stict  conbrackion, theve exists ke [0/1)  such that
A6, €6 4 kdlay)  dor ol x,x'eX
Aim Sho that  (xa)y 1 Cauchy in which case FgeX st Xy 8 NP
Consides  dlxa, ) = d(Hotn), $(xan))
¢ KAlxan, Xnn)
< Kk dban, tas) £ € d(tar, 20.0)

IN

K™ 43ty %)

Conskant once xo Ts fixed

Constdex 1N, (ﬂ\: N+{  fof somg MN)
d(im,x,) & d(tm, ) 4 A(xm.\, Xa)
£ Qtm, o) + At Tnd) +d (e, %)
£ 4w, Yor) + A(maytm) -+ dlan o)
a0y ) + Ky 1) + 4 Kl
= A(%,Q(KMJr ot K“)

IN



= K dly 1) (‘ Fik s €

= @l (14 ke 4 ) < KCdl R (ks +KT k’+é--)

Recall OcomMc seiies with common vabio ¥ Ts a  gerdes of  the foim

14749 44 Yf——a_l__ e
(-¥
Thus n 2 ¢ n
Atat) < Bl (k4P ot P e) €K gy, 1)
|-k
|
So

d(x.\,inb ' (A(:___.\r&))

= Kﬂ?‘ where A< d‘?{ﬁ) T a  Cconstont

S0a o (o K4
Thus (1,):\ T Caucko.
Complebeness tels w5 Hhat Tye X 5.t 2>y a5 no0
Now we show y is a fixed poink ; y=£(4)
Recall contractions ave cts. So
Xg 7Y 85 n2e0 = f(la) —>:f(,) as (=0
We know thot 2y —y. But
rfled) L mfle), 22 f0e), xeoflag), o, xpf(en)
Fleg), £le). oy flod) s just 2,250
As linids are unique.

lim, £ (2a) = lim, %,

n>00

G?ver\‘ liw\,{(x,\) : ;(7) by con{'b\u;‘l'y and fim, Z,\_:‘y = {(3) :7

Unigneness : Suppose fhat jalso a .f:'xcal Poin’r of ..
fly=y
dly.4) = dCey). £4)) < kaly,§)

Consider

nfini ke



This only holds «‘f ,3‘ otherwise wed jejr
d(j.g') >0 and d(g,g') < d(g,v')

EXamrles app‘yin\, contraction, mapping thm,
1) Take .f: R - 62
te ,ItzhL
2

Show +hat 1C:s & contraction and hence the sequence %y, %= = §(x,), 2,74 (=), - - converges and
-fmd the 'Ml

Notice Fhat :f 1/z w0) o fake any real £, Then, 50 = £ 121
= [t%1 21

= 1 [t%1 21
2

2
So we vestricd f 4o +he s«BsPace ['/1,‘0). TkeV\l

§:1,0) = [%, )
Recall the Mean, Value Thu,
Mean, Valne Thm,
Le’c ty la.6] = R be ontiuons and differenfsble. Then_for any x¢y in la,b]. Jceley)

()~ i(;; 46

Method :

£0)= £()-£(x) = £l - |f(32-f(|z)|
j—l |’-a(.

= |3x| |{'(c)| = |-F(J)'f(x.)|

= J(j.x) |‘f'(f) | = d(-f(j) ((K)) = oﬁ'w\’a( Ich% conc'laﬂ-

want <1 MGX/SuP | f (‘-
ce[o, b]




Consider f (t) .1. 2&

2t* <1 Y te[hoo)
t'+1 2

Take any z(y "l. ['/z °°)
y- |_;__ |+<,) £

Thus £ a contraction.
Thus far, we have shown_ fi['/z o) = [ s0):
bo L JE1
is a contraction with Lipchita cons+ant .
We know that C([a,b]) cquipped with, d mebric is complole. o we con use CMT
=Ja unique fited point y of f.
We know from the proof of contraction mapping thw, that +he sequences
%o %y 2y and  f(x), fx), .
both, converge o Y.
But by continuity of f, {(3)=y
§o we need 4o soe §(3)=g = g1yl = 2;:/,2_4
= b= 441
= J3¢=1
= .
"5
Hiddeq 4reat in proof of CMT Ny

A(3m, %) £ k“"( _A_(i,ﬁ) = Al < la""( M)

k-1 k-1



2) Fredholw eavmkoqs (found T 6’Una\ and 'imade \)Yoasst'\'])

(8) = y(&) + b
£(t) = vlt +_>\_(K(t,s){(s)ds

1% 5
at * Gwcv\,

ASS_W“‘?M& * Vs comlioluous on [a, 6]
2
¢ kT thquous on [a,b]

Note: b
fk(e,s)f(sm = F(¥)

a
Can we turn, this fnfo o fixed point problew, and wse conkrockion mqfﬁﬂ thw.
Work t (([a.b].R) equipped with dpy mebric
(Q) s fhis complebe ¥ Ans: ¥s)
As K % conbinuous on [ﬂ,b]": then, 1 M0 Ssuch that
]k(e,s)\ <M V  tsélabl  Exbreme Value Hhm

Define +the -funcl-io»\ T on C([a,b]) bo 5
(F)() = v(8) + [ ks ¥is
=

"

So a Solukion o

£()= w(t) + jbk(t.s) £ = (T

*
So a olukion, £ o our oﬁozml Freedhol, equation, % a fixed point of T
T: ¢([ab]) > b))
Aﬂﬂy (MT !



(7))~ (0= 3] ) s 6 -3 ey ]
< Hjbk(e,s) (+(S)—(;(5)) & ‘

b
< ‘-,'\—J | k(t,9)]- H—(S)—O(S)) ds (+riaf\\glc ‘inequamo fox inte\?m\s)
a

‘ b
SKJ M .\HS)-O(s))ds
b
= {1001 4

Ao

Buk Aw(f;o) = Mp{lu‘@ﬁ@k selab]) and l#(s)-ofs)l ¢ dw(fIO) \/ sefab]
and thevefoe i

(%) S__/L(H(s) ~0(s§) g ¢ M f Aw(f,f})ds

I I
[N a
b
< M dy(fi9 j1 &
| Al J

L %( Ao, (3.9 (b-2) (mlejm\s min-maxintaualib)

ond we have

sup {10 - (ra)@)| teLatl) = (T, )
£ 9) ( b-a
“ 4, (£.9) (b-2)
) T-( we choose A o sakﬂv T __/"_\__(_3;“) AJF;j)

(A
‘M)M(b'“) thea, T % a  contrackion



Pove that (<[], ds) s Complete.

The metvic space (([a,0) ""1“7?[’“”' with dg Medric
do(#9) = sup{ 14(6)-9| tela,b]}
is complete
Proot :
Let (ﬁ)::‘ be any avb‘u’hava Caucku sequence
Thas $or any £0, 3N>0, st den,'Fn)Q ¥ am>n
bl g <6 = sup{Hm(B)-F(6)| telab]} <
= [40)-fm®) [ <& ¥ ma>N and o\l tefa)b]
= (-F,\(W)'\Zl is Caudm fof any fited tela)h)
1 Sequence of Yea| numbers
But R T complete = H,\W;,\z\ ComeT4es.
= 3 £,€R such +hat £,(0) >F as n>0
Constvuck candidate fimit
flab] =R 5 £H)=4,

We need fo show +hot

) > F as noe0

M b oo = feclab)
(‘u’)dhow‘ind fao+F as a0
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